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A UNIFIED FIELD THEORY I: THE QUANTIZATION OF 

GRAVITY 

CLAUS GERHARDT 


Abstract. In a former paper we proposed a model for the quantization 
of gravity by working in a bundle E where we realized the Hamilton 
constraint as the Wheeler-DeWitt equation. However, the correspond¬ 
ing operator only acts in the fibers and not in the base space. Therefore, 
we now discard the Wheeler-DeWitt equation and express the Hamilton 
constraint differently, either with the help of the Hamilton equations 
or by employing a geometric evolution equation. There are two possi¬ 
ble modifications possible which both are equivalent to the Hamilton 
constraint and which lead to two new models. In the first model we 
obtain a hyperbolic operator that acts in the fibers as well as in the 
base space and we can construct a symplectic vector space and a Weyl 
system. 

In the second model the resulting equation is a wave equation in <So x 
(0, oo) valid in points {x, t, in E and we look for solutions for each 
fixed This set of equations contains as a special case the equation of 
a quantized cosmological Friedman universe without matter but with 
a cosmological constant, when we look for solutions which only depend 
on t. Moreover, in case Sq is compact we prove a spectral resolution of 
the equation. 
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1. Introduction 


The quantization of gravity is hampered by the fact that the Einstein- 
Hilbert Lagrangian is singular. Switching to a Hamiltonian setting requires 
to impose two constraints, the Hamilton constraint and the diffeomorphism 
constraint. Though we were able to eliminate the diffeomorphism constraint 
in a recent paper [8], the Hamilton constraint is a serious obstacle. Quan¬ 
tization of a Hamiltonian setting requires a model in which the quantized 
variables, which turn into operators, act, and, in case of constraints, prefer¬ 
ably given as an equation, to quantize this equation. 

In the former paper we proposed a quantization of gravity by working in a 
fiber bundle E with base space Sq after quantization, the Hamilton function 
ff was transformed to an hyperbolic operator H and the Hamilton condition, 
which could be expressed by 


(l.I) 


H = 0, 


was transformed to the Wheeler-DeWitt equation 
(1.2) Hu = 0 


in the bundle E. However, the operator H acts only in the fibers, there is no 
differentiation in the base space So, though the solutions are defined in E. 
This seems to be unsatisfactory. 

In this paper we want to offer a better quantization model: We are still 
working in the bundle E, but we discard the Wheeler-DeWitt equation, i.e., 
we do not express the Hamilton constraint by equation (1.1) but differently 
using the Hamilton equations. The second Hamilton equation has the form 


(1.3) 




sn 


or equivalently. 


(1.4) 




where we use a Hamiltonian density at the moment. Hence we have the 
identity 

(1.5) =-gy— 
which is a scalar equation. 

The Hamilton constraint can be expressed in the form 

(1.6) \A\^ = {R-2A). 

Looking at the right-hand side of (1.5) the term — E[^, which will be 
transformed to be the main part of the hyperbolic operator, occurs on the 
right-hand side in two places. Replacing \A\‘^ — on the right side by 
{R — 2A) will give an equation that defines the Hamilton constraint. 
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We developed two models: In the first model we replaced \A\^ — par¬ 
tially in (1.5). The quantization of the modified equation then leads to a 
hyperbolic equation 

(1.7) Pu = 0 

in E, where P acts in the fibers as well as in iSq. P is a symmetric operator 
and with the help of its Green’s operator one can define a symplectic vector 
space and then a Weyl system, or a quantum field. 

In the second model we use a geometric evolution equation to express 
the Hamilton constraint by replacing completely in the evolution 

equation. After quantization we then obtain a wave equation in E 

(1.8) “ — {n — l)t^“"Ziu — — 2A)u = 0 

in points (a;,t,^) € E, where a metric gij in the fiber over x € So has the 
form 

4 

(1.9) gij = 

and the Laplacian in (1.8) is defined with respect to (7^. Hence, for any ^ we 
have a wave equation in 

(1.10) So X r; 

with solutions u = u{x,t,0- We prove that solutions of the corresponding 
Cauchy problems exist and are smooth in all variables. 

This second model seems to be the right model since it contains the quan¬ 
tization of a cosmological Friedman universe, without matter but with a 
cosmological constant, as a special case by choosing dy to be the metric of 
a space of constant curvature and by assuming u = u{t). Equation (1.8) 
is in this case identical to the quantized Friedman equation up to the last 
constant. 

Moreover, assuming So to be compact we also prove a spectral resolution 
of equation (1.8), by constructing a countable basis of solutions of the form 

(1.11) u = w{t)v{x), 
where v is an eigenfunction of the problem 

Tl 

(1.12) — (n — \)Av — = g,v 

in So with g > 0 and w an eigenfunction of an ODE. These solutions have 
finite energy, cf. (6.74) on page 36. 

The results for the first model are proved and described in detail in Sec¬ 
tion 4 and Section 5. The results for the second model are proved in Section 6. 
Here is a more formal summary of the results of the second model: 

1.1. Theorem. Let (iSo,(Ty) be a given connected, smooth and complete 
n-dimensional Riemannian manifold and let 

(1.13) 


Q = So xRl 
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be the corresponding globally hyperbolic spacetime equipped with the Lorentzian 
metric (6.42) or, if necessary, with (6.43), then the hyperbolic equation 

(1.14) ———il — (n — l)t^~^Au — —t^~^Ru — nt^Au = 0, 

where the Laplacian and the scalar curvature correspond to the metric Uij, 
describes a model for quantum gravity. If Sq is compact a spectral resolution 
of this equation has been proved in the theorem below. 

1.2. Theorem. Assume n > 2 and Sq to be compact and let be 

a solution of the eigenvalue problem (1.12) with p, > 0, then there exist 
countably many solutions (wi,Ai) of the implicit eigenvalue problem (6.58) 
such that 

(1.15) vl* < yl*+i < ••• < 0, 

(1.16) limvli = 0, 

i 

and such that the functions 

(1.17) = WiV 

are solutions of the wave equations (1.8). The transformed eigenfunctions 

(1.18) Wi(t) =Wi{\f^t), 
where 

(1.19) A,; = [-Af)-^ 

form a basis of the Hilbert space H and also o/L^(]R^,C). 

2. Definitions and notations 

The main objective of this section is to state the equations of Gaufi, 
Codazzi, and Weingarten for spacelike hypersurfaces M in a (n+l)-dimen- 
sional Lorentzian manifold N. Geometric quantities in N will be denoted 
by {gap), {Rap-ys), etc., and those in M by {gij), {Rijki), etc.. Greek indices 
range from 0 to n and Latin from 1 to n; the summation convention is always 
used. Generic coordinate systems in N resp. M will be denoted by {x^") 
resp. {C). Govariant differentiation will simply be indicated by indices, only 
in case of possible ambiguity they will be preceded by a semicolon, i.e., for a 
function u in N, {ua) will be the gradient and {uap) the Hessian, but e.g., the 
covariant derivative of the curvature tensor will be abbreviated by Rap-yS;e- 
We also point out that 

(2.1) RaPjSp — RaP'yS-,eXj^ 

with obvious generalizations to other quantities. 

Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, 
with a differentiable normal v which is timelike. 
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In local coordinates, {x°‘) and (^®), the geometric quantities of the spacelike 
hypersurface M are connected through the following equations 

( 2 . 2 ) x% = 

the so-called Gaufi formula. Here, and also in the sequel, a covariant deriva¬ 
tive is always a full tensor, i.e. 


(2.3) = x% - F^^xt + F^^x^x], 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form (hij) is taken with 
respect to u. 

The second equation is the Weingarten equation 

(2.4) i^T=h’:xt, 


where we remember that is a full tensor. 

Finally, we have the Codazzi equation 

(2.5) hij;k hik'J — Xj^ XjX^ 

and the Gaufi equation 

(2.6) Rijkl — \hikl^jl T ^j^k^l ' 

Now, let US assume that is a globally hyperbolic Lorentzian manifold 
with a Cauchy surface. N is then a topological product I x Sq, where I is 
an open interval, Sq is a Riemannian manifold, and there exists a Gaussian 
coordinate system {x°‘), such that the metric in N has the form 

(2.7) ds% = e^^{—dx°^ + crij{x°,x)dx^dx^}, 

where cTy is a Riemannian metric, ip a function on N, and x an abbreviation 
for the spacelike components (a:®). We also assume that the coordinate system 
is future oriented, i.e., the time coordinate x^ increases on future directed 
curves. Hence, the contravariant timelike vector (^“) = (1, 0,..., 0) is future 
directed as is its covariant version (^q.) = e^®^(— 1 , 0 , .. . , 0 ). 

Let M = graphbe a spacelike hypersurface 

(2.8) M = { (a;°, x): x^ = u{x), a; G 5o }, 


then the induced metric has the form 


(2.9) gij = e‘^^{-UiUj + atj} 

where ayj is evaluated at {u,x), and its inverse ( 5 ®-’) = {gij)~^ can be ex¬ 
pressed as 
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where = (try) ^ and 


( 2 . 11 ) 


u = a ■'Uj 
,,2 


= 1 — a^^UiUj = 1 — \Duf. 

Hence, graphw is spacelike if and only if \Du\ < 1. 

The covariant form of a normal vector of a graph looks like 

(2.12) (u„) =±i;-ie^(l,-M,). 
and the contravariant version is 

(2.13) 

Thus, we have 


2.1. Remark. Let M be spacelike graph in a future oriented coordinate 
system. Then the contravariant future directed normal vector has the form 

(2.14) (i/“) =u-ie-’^(l,uO 
and the past directed 

(2.15) (u“) = -u-^e-’^(l,u‘). 

In the GauB formula (2.2) we are free to choose the future or past directed 
normal, but we stipulate that we always use the past directed normal. Look 
at the component a = 0 in (2.2) and obtain in view of (2.15) 


(2.16) e = -Uij - r^o'^iUj - 

Here, the covariant derivatives are taken with respect to the induced metric 
of M, and 

(2.17) -f;0=e-%-, 

where (hij) is the second fundamental form of the hypersurfaces {x° = const}. 
An easy calculation shows 

(2.18) hijG ^ 

where the dot indicates differentiation with respect to . 

3. Combining the Hamilton equations with the Hamilton 

CONSTRAINT 

Let N = be a globally hyperbolic spacetime with metric gap- We 

consider the Einstein-Hilbert functional 

(3.1) J= [ {R-2A) 

Jn 

with cosmological constant A and want to write it in a form such that the 
Lagrangian density is regular with respect to the variables gij so that we can 
switch to an equivalent Hamiltonian setting for these components. Let be 
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time function that will split the metric such that the metric can be expressed 
in the form 

(3.2) ds^ = —w'^{dx^)‘^ + gijdx^dx^, 
where (x®) are local coordinates of a coordinate slice 

(3.3) 5o = {x° = const} 
and 

(3.4) 0<n;eC'“(iV). 

Let us define the level sets 

(3.5) M{t) = {a;° = t} 
and, assuming 0 G x^{N), set 

(3.6) So = M{0). 

The coordinate system should also be future oriented such that >0} is 
the future development of 5o. 

Let hij be the second fundamental form of the slices M (t) with respect to 
the past directed normal, i.e., the Gaussian formula looks like 

(3.7) a;“ = hyU, 

where u is the past directed normal. Then 

(3.8) hij = - ^gijW~^ 

and the functional (3.1) can be expressed in the form 

(3.9) = r / ^1^1' + 2A)}w^, 

J a J Q 

where 17 C is some open subset of M", R the scalar curvature of M{t), 

(3.10) H = g^^Kj 

the mean curvature and 

(3.11) \A\^ = h,,h^\ 

cf. [8, equ. (3.37)]. This way of expressing the Einstein-Hilbert functional is 
known as the ADM approach, see [Ij. 

Let F = F{hij) be the scalar curvature operator 

(3.12) f=\{H^-\A\^) 
and let 

(3.13) = g^^g>^^ - \{g^^gA + 
be its Hessian, then 

(3.14) = 2F = _ |Ap 

and 

(3.15) F^^ = F^^’^^hki = Hg^^ - WF 
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In physics 

(3.16) 


is known as the DeWitt metric. 

Combining (3.8) and (3.14) J can be expressed in the form 

(3.17) J= [' [ {lG»^^‘9^J9klW-^ + {R- 2A)}w^. 

J a J f2 

The Lagrangian density G is a regular Lagrangian with respect to the vari¬ 
ables gij. Define the conjugate momenta 


dC 




(3.18) 


dg^. 




and the Hamiltonian density 


(3.19) 


where 


n = TT^^g.j - c 


{R - 2A)wy/g, 


(3.20) 


Gij^kl — “f 9il9jk\ ji — i9ij9kl 


is the inverse of 

Let us now consider an arbitrary variation of gij with compact support 
(3.21) gij{e) = gij + euJij, 


where ujij = uJij{t, x) is an arbitrary smooth, symmetric tensor with compact 
support in 17. The vanishing of the first variation leads to the Euler-Lagrange 
equations 


(3.22) Gij + Agij — 0, 

i.e., to the tangential Einstein equations. We obtain these equations by either 
varying (3.1) or (3.9). 

To obtain the full Einstein equations we impose the Hamilton constraint, 
namely, that the Hamiltonian density vanishes, or equivalently, that the nor¬ 
mal component of the Einstein equations are satisfied 

(3.23) Ga/ju“z/^ - H = 0. 

We then conclude that any metric {gap) satisfying (3.2), (3.22) as well as 
(3.23) has the property that it is a stationary point for the functional (3.1) 
in the class of metrics which can be split according to (3.2). Applying then a 
former result [8, Theorem 3.2] we deduce that gap satisfies the full Einstein 
equations. 
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The Lagrangian density C in (3.17) is regular with respect to the variables 
gij, hence the tangential Einstein equations are equivalent to the Hamilton 
equations 


(3.24) 
and 

(3.25) 


. _ 5n 


m 


^9ij 


where the differentials on the right-hand side of these equations are varia¬ 
tional or functional derivatives, i.e., they are the Euler-Lagrange equations 
of the corresponding functionals with respect to the indicated variables, in 
this case, the functional is 


(3.26) f 

Jn 

where Sq is locally parameterized over 17 C M". Occasionally we shall also 
write 

(3.27) [ n 

Jso 

by considering So simply to be a parameter domain without any intrinsic 
volume element. 

We have therefore proved: 


3.1. Theorem. Let N = be a globally hyperboUe spacetime and let 

the metric gap be expressed as in (3.2). Then, the metric satisfies the full 
Einstein equations if and only if the metric is a solution of the Hamilton 
equations (3.24) and (3.25) and of the equation (3.23) which is equivalent to 

(3.28) n = o 

and is called the Hamiltonian constraint. These equations are equations for 
the variables gij. The function w is merely part of the equations and not 
looked at as a variable though it is of course specified in the component goo- 


We define the Poisson brackets 

Su 6v 


(3.29) 
and obtain 


{u,v} = 


Sgki 


6u 5v 
Sgki 


(3.30) {g,„7T'^^}=6f^, 
where 

(3.31) Slj = 

Then, the second Hamilton equation can also be expressed as 

(3.32) = {Tr^i,n}. 
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In the next section we want to quantize this Hamiltonian setting and espe¬ 
cially the Hamiltonian constraint. In order to achieve this we shall express the 
equation (3.25), (3.24) and (3.23) by a set of equivalent equations, namely, 
(3.25), (3.24) and (3.33) 


(3.33) 


= (n - l)(i? - 2A)wy/g- Rw^/g - (n - l)Aw^/g 

y/9 


where A is the Laplacian with respect to the metric gij. Let us formulate 
this claim as a theorem: 


3.2. Theorem. Let N = be a globally hyperbolic spacetime and let 

the metric gap be expressed as in (3.2). Then, the metric satisfies the full 
Einstein equations if and only if the metric is a solution of the Hamilton 
equations (3.24) and (3.25) and of the equation (3.33). 

Proof. The second Hamilton equation states 

sn 


(3.34) = - 

which is of course equal to (3.32), and 


Sgzj ’ 


(3.35) 


sn 


d 


-T- = --K - {—pGrs,kl'^'"''^ )w + 


5{R-2A)w^ 


6gi^ 


= \Rg'^^Wy/g - Rf^Wy/g 


Sgij dgij y/g 
In the lemma below we shall prove 
5{{R-2A)w^) _ 

(3.36) 5gij 

-I- {vA^ — Awg’’^ — Ag^^w}y/g 

and a simple but somewhat lengthy computation will reveal 

(3.37) 


= i(|Hp - H^)g^^wy/g 

^g^3 y/g 


a ^ ^ 2 1 

— 27T TT •'W—- H--TT “'tT w——, 

y/g n-1 y/g 

where the indices are lowered with the help of gij and we further conclude 
9g^3 y/g 

(3.38) = ^{\A/ - H^)wy/^-2{\A/ - H^)w^g 
= (| - 1)(|H|2 - H^)wy/^ - 

On the other hand, the Hamilton density is equal to 

(3.39) n = -2{G„/3u“u^ - A}wy/^ 
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because of the Gaufi equation. Hence, 

(3.40) 

iff the Hamilton constraint is valid, from which the proof of the theorem 
immediately follows. □ 

3.3. Lemma. Let M be a Riemannian manifold with metric gij, scalar 
curvature R and let w € C^(M) and H G K., then the equation (3.36) is 
valid. 


Proof. It suffices to consider the term 

d{Rwy/g) 


(3.41) 


^9i. 


since the result for the second term is trivial. 

Let 17 C M be open and bounded and define the functional 


(3.42) 


J = 


Rwy/g. 


Let gij (e) be a variation of gij with support in 17 such that 

(3.43) gjj=gy(0) 

and denote differentiation with respect to e by a dot or prime, then the first 
variation of J with respect to this variation is equal to 

(3.44) ji0)= f {g''^Rij + Rij}wV9 + f Rw^/g'- 

J Q J Q 

Again we only consider the non-trivial term 


(3.45) 

It is well known that 


g'-^RijWy/g. 


(3.46) % = -{til, + 

where the semicolon indicates covariant differentiation, Ph is a tensor. Hence, 
we deduce that (3.45) is equal to 

(3.47) / {g^^P^w, - g^^r^,w^}^g 
Jn 

which in turn can be expressed as 


(3.48) 


9''^g’"'‘h{mi-,k +m-,i 


gik-i)wj 


I g^g 2^9iij gji-,i gij\i)wk, 

Jn 

where we omitted the notation of the density ^^g. Let us agree that each row 
of the preceding expression contains three integrals. Then the first integrals 
in each row cancel each other, the second in the first row is equal to the third 
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integral in the second row and the third integral in the first row is equal to 
the second integral in the second row. Therefore, we obtain by integrating 
by parts 

(3.49) - [ Awg^^gki + [ w\g\ = f {-Awgl + 
and conclude 

(3.50) ^ _ Awg^^)^. 


4. The quantization 

For the quantization of the Hamiltonian setting we use the same approach 
as in our former paper [8], at least in the beginning: First, we replace all 
densities by tensors, by choosing a fixed Riemannian metric in Sq 

(4-1) X = ( Xi 3 [ x )), 

and, for a given metric g = {gij(t,x)), we define 

( 4 . 2 ) 

such that the Einstein-Hilbert functional J in (3.17) on page 8 can be written 
in the form 

(4.3) J= t [ {W^’^'9^J9klW-^ + {R- 2A)}wg3^. 

Ja Jn 4 

The Hamilton density % is then replaced by the function 

(4.4) H = -{R- 2A)<p}w, 

where now 

(4.5) 
and 

(4.6) hij = 

The effective Hamiltonian is of course 

(4.7) w-^H. 

Fortunately, we can, at least locally, assume 

(4.8) w = 1 

by choosing an appropriate coordinate system: Let (fo,a^o) G N be an arbi¬ 
trary point, then consider the Cauchy hypersurface 

(4.9) 


= {^o} X 
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and look at a tubular neighbourhood of M(to), be., we define new coordinates 
(t, X*), where (x®) are coordinate for Sq near xq and t is the signed Lorentzian 
distance to M{to) such that the points 

(4.10) (0,x*) G M(to). 

The Lorentzian metric of the ambient space then has the form 

(4.11) = —dt^ + gijdx'‘dx^. 

Secondly, we use the same model as in [ 8 , Section 3]: The Riemannian 
metrics are elements of the bundle T°’^(iSo). Denote by E the fiber 

bundle with base Sq where the fibers consists of the Riemannian metrics {gtj). 
We shall consider each fiber to be a Lorentzian manifold equipped with the 
DeWitt metric. Each fiber F has dimension 

(4.12) dimf = + =m+l. 

Let ('C“), 0 < a < TO, be coordinates for a local trivialization such that 

(4.13) 

is a local embedding. The DeWitt metric is then expressed as 

(4.14) Gab = G^^’’^^g,,^agki,b, 

where a comma indicates partial differentiation. The Hamiltonian is then 
expressed as 

(4.15) H = ip-^G‘^\a7rb-{R-2A)^, 
cf. [ 8 , equ. (3.55)]. The fibers equipped with the metric 

(4.16) i^pGab) 

are then globally hyperbolic Lorentzian manifolds. The hypersurfaces 

(4.17) {if = const} 


are Cauchy hypersurfaces. 

Let F = F{x) be a fiber and set 

(4.18) r = log(/9, 

then T is a time function. In the Gaussian coordinate system (r, ^^), 1 < 
A <m, corresponding to the hypersurface 

(4.19) M = {lp = 1} = {t = 0} 


the metric (4.16) has the form 

2 _ 4(n- 1) 


(4.20) 


ds = 


ip{-dT^ + GABd^^d^^}. 


where the Riemannian metric Gab is independent of r 

dGAB 


(4.21) 


dr 


= 0 . 
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When we work in a local trivialization of E, the coordinates are indepen¬ 
dent of X. 


4.1. Lemma. The function tp is independent of x. 


Proof. Let 

(4.22) gzj{x,T,^^) 

be the local embedding in E, then we have 

dgi 


“ dr 


(4.23) 

cf. [ 8 , equ. (4.13)], hence we conclude 

gij = 6 " gij(x^Q^^ ) 


(4.24) 

where 

(4.25) 

and we further deduce 




cTij = gij{0) e M 


2 det pij 27 - det cr^j 


(4.26) 

det x^j Xij 

In the embedding (4.22) r is considered to be independent of x being the time 
component of a coordinate system satisfying (4.19) and (4.20). Therefore, 
we infer from (4.26) 

(4.27) detcTij = detxij, 

proving the lemma. □ 


We can now quantize the Hamiltonian setting using the original variables 
gij and tt*-’. We consider the bundle E equipped with the metric (4.20), or 
equivalently, 

(4.28) 

which is the covariant form, in the fibers and with the Riemannian metric x 
in Sq. Furthermore, let 

(4.29) Cf°{E) 

be the space of real valued smooth functions with compact support in E. 

In the quantization process, where we choose h = 1, the variables gij and 
TT*-’ are then replaced by operators gij and tt*-^ acting in Cf°{E) satisfying the 
commutation relations 

(4.30) [5y,7r'='] = 

while all the other commutators vanish. These operators are realized by 
defining gij to be the multiplication operator 

(4.31) 


QijU — 9'ij^ 
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and TT*-^ to be the functional differentiation 

1 5 


(4.32) 

i.e., if u £ Cf°{E), then 

(4.33) 




i 


Su 

^9ij 


is the Euler-Lagrange operator of the functional 


(4.34) 


/ uVx= / u. 

J Sq So 


Hence, if u only depends on (x, gtj) and not on derivatives of the metric, then 

5u du 


(4.35) 


^9ij dgij 


Therefore, the transformed Hamiltonian H can be looked at as the hyperbolic 
differential operator 

(4.36) H = -A - {R-2A)ip, 

where A is the Laplacian of the metric in (4.28) acting on functions 

(4.37) u = u{x,gij). 

We used this approach in [8] to transform the Hamilton constraint to the 
Wheeler-DeWitt equation 

(4.38) Hu = 0 in E 


which can be solved with suitable Cauchy conditions. However, the Hamil¬ 
tonian in the Wheeler-DeWitt equation is a differential operator that only 
acts in the fibers of E and not in the base space Sq which seems to be 
insufficient. This short-coming will be eliminated when, instead of the ex¬ 
plicit Hamilton constraint, its equivalent implicit version, equation (3.33) on 
page 10 is quantized: Following Dirac the Poisson brackets are replaced by 
i times the commutators in the quantization process, h = 1, i.e., we obtain 

(4.39) ^ i[H,r^]. 

Dropping the hats in the following to improve the readability equation (3.33) 
is transformed to 


(4.40) ig^j [H, Tr*^] = {n - 1){R - 2A)>f - + A, 

where A is the Laplace operator with respect to the fiber metric. 
Now, we have 
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cf. (4.36). Since we apply both sides to functions u G C'^(E) 
^4 42) ^ “ i„, _ r A ^ i„, _ du „,ki 




because of the Ricci identities, where 
(4.43) 

is the Ricci tensor of the fiber metric (4.28) and 

du 


(4.44) 




dgki 


is the gradient of u. 

For the second commutator on the right-hand side of (4.41) we obtain 

(4.45) -[{R - 2A)ip, = -{R - 2A)ip-^ + -J—HR - 2A)wp}, 

ogij ^9ij 

where the last term is the Euler-Lagrange equation of the functional 


(4.46) 


/ {R — 2A)uip = [R — 2A)uip^/x 

J 5o J So 

= [ {R- 2.A)uy/g 
JSn 


with respect to the variable Qij, since the scalar curvature R depends on the 
derivatives of gij. From (3.36) and the proof of Lemma 3.3 on page 11 we 
infer 


(4.47) 


C -| 

-J—{(i? — 2A)uip} = -{R— 2A)g^^uip — R^^wp 
ogij 2 

-\- ip{uy — Aug’’^} + {R — 2A)ip 


du 
dgij ’ 


where the semicolon indicates covariant differentiation in Sq with respect 
to the metric gij^ A is the corresponding Laplacian, and where we observe 
that the fundamental lemma of the calculus of variations has been applied to 
functions in i.e., 


(4.48) 

here we have 

(4.49) 

We also note that 


/ fvV9= / fWy/X', 

J So 9 So 

fGC\So), vGC^iSo). 


^ du du dqa 

Dku = — +- — 


(4.50) 


dx'^ dgij dx^ 
du 
dx^ 

in Riemannian normal coordinates. 
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Hence, we conclude that equation (4.40) is equivalent to 

~ Tl — 2 

(4.51) —Au — {n — \)ipAu -^— ^p{R — 2A)u = 0 

in E, since 


(4.52) 
for 

(4.53) 


9ij^ \kl ~ ® 

1 

\/ri(rir^T)^^*'’ 


is the future directed unit normal of the Cauchy hypersurfaces {ip = const}: 
The gradient of ip 


(4.54) 


dp 

dgij 



is a past directed normal in covariant notation. Its contravariant version has 
the form 


(4.55) 


kl 


p Grj^kig'^-j^p = 


1 

2(n-l)^*^- 


Therefore, the vector in (4.53) is future directed and has unit length as can 
easily be checked. 

Now, let us choose a coordinate system (r, associated with the Cauchy 
hypersurface 


(4.56) M = {p= 1} 

and express the metric as in (4.20). The time coordinate t is defined as 

(4.57) T = \ogp. 


Let t be the time function 

(4.58) t = y/p = e^'", 
then 

(4.59) dt^ = -^ipdT^ 

and we conclude that the fiber metric can be expressed as 

(4.60) ds'^ = - 16(n- 1)^^2 

n n 

where Gab is independent of t. We also emphasize that t is independent of 
X, cf. Lemma 4.1. 

Let (^“) = 0 < a < m, he the coordinates such that 

(4.61) = t A l<A<m, 

then we immediately deduce from (4.60) or (4.20) that the Ricci tensor sat¬ 
isfies 


(4.62) 


Roa = 0 V0<a<m. 
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Since the determinant of the metric in (4.60) is equal to 

(4.63) |det(Gaf,)| = det(GAR) 

we conclude that the equation (4.51) can be expressed in the form 
1 n 1 n 

(4.64) 


16 n — 1 


-r 


dt An — 1 


t “^Acu 


n — 9 

— (n — l)t^Au - - — t^{R — 2A)u = 0, 

where Ac is the Laplacian with respect to the metric Gab ■ 

For any point 

(4.65) {x,gij)GE 
the metric can be written in the form 

4 

(4.66) g^j = 
where G Ei is independent of t and 

(4.67) deioij = dety^-, 
cf. (4.24) and (4.27). Hence, we can write 

(4.68) Au = t~^ Aa-. u. 

Thus, equipping E with the metric 

ds^ = — — ^t^GABdi^d^^ H- ^—aijdx'^dx^ 


n—1 


(4.69) 


= Gabd^°‘d^° + y- -aijdx^'dx^ 


n—1 


= G^pdCdC^, 


where 0 < a < m and = t. We call Gab the fiber metric and cry the base 
metric, which are to be evaluated at the points 

(4.70) (x,0 = (x,gij) = {x,ti<Tij). 

Beware that 

(4.71) atj = a^j{x,^^) e El. 

With respect to this metric the operator P in (4.64) is a symmetric hyperbolic 
differential operator 


(4.72) 


Pu = —Daia^'^Dpu), 


where the derivatives are covariant derivatives with respect to the metric in 
(4.69) and the coefficients a“^ represent a Lorentzian metric. However, it is 
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not normally hyperbolic, i.e., its main part is not identical with the Lapla- 
cian of the ambient metric. Nevertheless, we can consider P as a normally 
hyperbolic operator by equipping E with the metric 

n n 

H- ^ — ti~^aijdx'^dx^ 

n-1 

= Gc,pdCd(P, 

though, of course, P is not symmetric in this metric. 

Let E, E he the bundles 

(4.74) iE,Ga,p) A (£;,G„^) 

respectively, and Ei resp. Ei the corresponding subbundles defined by 

(4.75) {< = !}. 

We shall now prove that E and E are both globally hyperbolic manifolds and 
the subbundles Ei resp. Pi, or more generally, the subbundles Pi('r) resp. 
Ei{t), defined by 

(4.76) {t = r}, r > 0, 

Cauchy hypersurfaces provided the base space Sq is either compact or a 
homogeneous space for a suitable metric ptj. 

4.2. Lemma. The bundles E and E are both globally hyperbolic manifolds, 
if So is either compact or a homogeneous space for a suitable metric pij, and 
the hypersurfaces Eiir) resp. Pi(t) are Cauchy hypersurfaces. 

Proof. We shall only prove that E is globally hyperbolic, since the proof for 
E is essentially identical. We shall show that Pi is a Cauchy hypersurface. 
The arguments will then also apply in case of the hypersurfaces Pi(t). The 
proof will be similar to the proof of [ 8 , Lemma 4.3], where we proved that the 
fibers of P are globally hyperbolic. The fact that we now consider the whole 
bundle creates a small complication which will be handled by the additional 
assumption on 5o. 

We shall now prove that Pi is a Cauchy hypersurface implying that P is 
globally hyperbolic. Let us argue by contradiction. Thus, let 

(4.77) 7 (s) = ( 7 “(s)), sel={a,b), 

be an inextendible future directed causal curve in P and assume that 7 does 
not intersect Pi. We shall show that this will lead to a contradiction. It is 
also obvious that 7 can meet Pi at most once. 

Assume that there exists sq G I such that 

(4.78) t( 7 (so)) < 1 
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and assume from now on that sq is the left end point of I. Since t is contin¬ 
uous, the whole curve 7 must be contained in the past of Ei. 

7 is causal, i.e.. 


(4.79) 
and thus 

(4.80) 


1 ,, , 4(n—l)n^ -A-R^ 16(?t-— 1) I. ni 2 

- -cr.jX’-Xj + ^^-^ 7 

. — 1 n n 



< 47 °, 


since 7 is future directed. 
Let 


(4.81) 


7 = (a;*, 7^) 


be the projection of 7 onto Ei, then the length of 7 is bounded 


(4.82) 


^ I \/S 


aijX'-Xj + 


4 (’^- l )^ -a-b 
- -GabI^I^ 


<4(l-t(so)) <4. 


Expressing the quadratic form 
(4.83) GabI^I^ 

in E\ in the coordinates {gij) = (o’^), we have 
^ ^ GabI^I^ = 

(4-84) ,,2 

— II I 

since the right-hand side is exactly 

(4.85) 
if 

(4.86) G T{Ei). 

Hence, we infer, in view of [11, Lemma 14.2], that the metrics (o’ij(s)) are all 
uniformly equivalent in / and converge to a positive definite metric when s 
tends to b. It remains to prove that the points (x^s)) are precompact in Sq, 
then we would have derived a contradiction. 

If So is compact then the precompactness of (a;*(s)) is trivial, thus let 
us assume that {So,pij) is a homogeneous space. Then (Jij{so) is equiva¬ 
lent to pij{x{so)) and hence, in view of the homogeneity, (Jij{s) is uniformly 
equivalent to pij{x{s)) for all s G I, and we conclude 


(4.87) J pijX^x^ < const 

proving the precompactness. Ei is therefore a Cauchy hypersurface and E is 
globally hyperbolic. □ 
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4.3. Remark. Since E is globally hyperbolic and P is a normally hyper¬ 
bolic differential operator the Cauchy problems 

Pu = f, 

(4.88) = “O’ 
have unique solutions 

(4.89) uGC°°{E) 

for given values uo,ui G C^{Ei(t)) and / G C^{E) such that 

(4.90) suppu C J^(it'), 
where 

(4.91) iG = supp Mo U supp Ml U supp/, 
cf. [10, 2, 9]. 

Since E, E and Ei{t) resp. Pi(t) coincide as sets and the normals (u“) 
resp. u“) are also identical 

(4.92) u = u 

we immediately deduce that the Cauchy problems (4.88) are also uniquely 
solvable in E. Using this information we then could derive the existence 
of the fundamental solutions E± for P in E and also the existence of the 
advanced resp. retarded Green’s operators G± of P, cf. [9, Theorem 4]. 

However, we would like to show how the fundamental solutions F± of P 
in E can easily be transformed to yield fundamental solutions of P in P and 
similarly the Green’s functions G±. This process is valid in general pseudo- 
riemannian manifolds, and thus also valid for elliptic operators, however, we 
shall only consider Lorentzian manifolds. The notations N resp. N refer to 
the same manifold N equipped with the metrics gap resp. gap- 

4.4. Definition. Let T G P'(iV) be a distribution and let ^ be the 
volume element in N, where 

(4.93) g = <letgap, 
then we use the notation 

(4.94) (T,i 7 v^ 
or 

(4.95) T[g^ 

to refer to „T acts on 77 “ instead of the usual symbols 

(4.96) (r,77) 
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or 

(4.97) T[rj]. 

If P is a differential operator in N and P* its formal adjoint, then 

(4.98) {PT,r^^) = {T,{P*7j)^). 

We found this notation in [4, Definition 2.8.1, p. 60] 

4.5. Lemma. Let T € 'D'{N,g) and let g be a another smooth metric in 
N and set 

(4.99) V' = 
then 

(4.100) il)T€V'{N,g) 
and 

(4.101) m,g^g) = {T,g^g) Wg e C^{N). 


Proof. Follows immediately from the definition of ipT 

(4.102) (V^T, = (T, V-r/Vs) = (T, 

□ 

As an application we obtain: 

4.6. Corollary. Let F± resp. G± be the fundamental solutions of P in E 
resp. the advanced and retarded Green’s operators, and define 

(4.103) 
then 

(4.104) P± = 
are fundamental solutions of P in E and 

(4.105) G± = V'Gi 
the advanced and retarded Green’s operators. 


Proof ,,(4.104)“ 

(4.106) 

and 

(4.107) 


We have 

F±[gVG] = f:F±[gVG] 

= F±[gV^] 

PF±[gVG] = PF±[gVd] = g. 
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,,(4.105)“ To prove the second claim we note that the Green’s operators 
are defined as maps 

(4.108) C^{E) C°°{E) 

by the definition 

(4.109) G±[r]\fG]{p) = F±[p)[r]\/G], p £ E. 

Now, from (4.106) we deduce 

F±{p)[r]VG] = F±{p)[p\/d] 

(4-110) = G±[r]\/d]{p) 

= iljG±[r]VG]{p). 

□ 


4.7. Remark. Let G be the Green’s operator of P in Li 

(4.111) G = G+-G_, 
then 

(4.112) N{P) = {Gu:uGG^{E)} 

is the kernel of P. Its elements are smooth functions which are spacelike com¬ 
pact; however, this condition is strictly correct only in E, since the light cones 
in E and E are different. Fortunately, we only need one special property of 
spacelike compact functions, namely, that their restrictions to Cauchy hyper¬ 
surfaces have compact support, this will be case in P, if we only consider the 
Cauchy hypersurfaces Ei{t), as we shall prove in the lemma below. 

4.8. Lemma. The compact subsets of Ei(t) are also compact in Ei(t) 
and vice versa. 


Proof. The Cauchy hypersurfaces Ei{t) resp. Ei{t) carry the same topology, 
since their induced metrics are uniformly equivalent as one easily checks. □ 


5. The second quantization 

Let us first summarize some facts about the Green’s operators G± of P in 
E which are still valid even though P is not normally hyperbolic. 

5.1. Lemma. Let G± resp. G± be the Green’s operators of P in E resp. 
E, then 

(5.1) G± : G“(P) ^ G“(P) 

(5-2) PoG± = G±oP|^^^^^, =id|,^^^,, 


(5.3) 


supp(G±u) = supp(G±'u) Vu G Gf°{E) 
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(5.4) supp G+zi C J:[)'(supp'u) 

(5.5) suppG_M C J!^{suppu) 

(5.6) supp G+ n supp G-v 
for all u,v € C^{E), and 

(5.7) G^ = 


yueG^{E) 

yueCf°{E) 
is compact 


Proof. The properties (5.1) and (5.2) immediately follow from the corre¬ 
sponding relations for G± of P in £1 and the fact that 

(5.8) G±=f-'^G±, 

cf. Corollary 4.6 on page 22. The preceding relation also proves the properties 
(5.3), (5.4), (5.5) and (5.6), since the topologies of E and E are identical. 

It remains to prove (5.7). Let u,v G Gf°{E), then 

[ {G±u,v)= [ {G±u,PG^v) 

J E J E 

(5.9) = [ {PG±u,G^v) 

Je 

= [ {u,G^v), 

Je 

where the partial integration is justified because of (5.6), and the scalar 
product is just normal multiplication. □ 


5.2. Lemma. Let Ei{t) be one of the special Cauchy hypersurfaces in E, 
then 

(5.10) f {u,Gv) = f {{D^{Gu),Gv) - {Gu,D^Gv)}, 

Je Jei{t) 

for all u,v G G^{E), where v is the future directed normal of Ei{t). 


Proof. Let P+, P_ be defined by 

(5.11) E+ = {t> t} 
and 

(5.12) E_={t< r}, 
then 

(5.13) f {u,Gv) = ( {u^Gv)f {u,Gv). 

J E J E^ J E— 

Now, in P+ we have 

(5.14) PG-U = u 
and 

(5.15) 


PGv = 0 = GPv. 
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Moreover, 

(5.16) 


supp(C?_m) n E+ is compact, 


since 


(5.17) supp(G_m) n i?+ is compact, 
hence we obtain by partial integration 

(5.18) f {PG—u,Gv) = — [ {DuG-u,Gv) ( {G-u,D^Gv). 

A similar argument applies to by looking at 

(5.19) PG+u = 0 
leading to 

(5.20) [ {PG+u,Gv) = [ {D^G+u,Gv) - [ {G+u,.)D^Gv. 

JE- ■IEi(t) JEi{t) 

Adding these two equations implies the result. □ 


We shall now construct a OCR representation or a Weyl system for P and 
its kernel 

(5.21) N{P) = {uG G°°{E) ■. Pu = Q} = {Gu-.u& G“(A)}. 

This characterization of N{P) is correct, since it is valid in E and because of 

(5.22) PG\u\fG] = PG[uVdl 
cf. (4.105) on page 22. 

There are two ways to construct a Weyl system given a formally self- 
adjoint, normally hyperbolic operator in a globally hyperbolic spacetime 
which are also applicable in our case, though P is not normally hyperbolic. 
One possibility is to define a symplectic vector space 

(5.23) V = G^{e)/N{G), 
where G is the Green’s operator of P 

(5.24) G = G+-G-. 

Since 

(5.25) G* = -G 
the bilinear form 


(5.26) 


uj{u,v) = / {u,Gv), u,vGV, 
Je 


is skew-symmetric, non-degenerate by definition, and hence symplectic. 
Then, there is a canonical way to construct a corresponding Weyl system. 

The second method is to pick a Cauchy hypersurface Ei in E and then 
define a quantum field <P with values in the space of essentially self-adjoint 
operators in a corresponding symmetric Fock space. 
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We pick a Cauchy hypersurface Ei = Ei{t) in E and define the complex 
Hilbert space 

(5.27) He,=L‘^(,Ei)®<C = L^{Ei,<C) 

the complexification of the real Hilbert space {Ei) with complexified scalar 
product 

(5.28) {u,v)ei = [ {u,v)c- 

J El 

We denote the symmetric Fock space of E[ei by E{Hei)- Let 0 be the 
corresponding Segal field. Since G* = —G, we deduce from (5.4), (5.6) and 
Remark 4.7 on page 23 that 

(5.29) G C^{E^) c Hei Vu G C^{E). 

We can therefore define 

(5.30) <!^Ei {u) = - D,{G*u)\,^). 

From the proof of [2, Lemma 4.6.8] we conclude that the right-hand side of 

(5.30) is an essentially self-adjoint operator in E{Hei)- We therefore call 
the map ^Ei from G^{E) to the set of self-adjoint operators in E{Hei) a 
quantum field defined in Ei. 

5.3. Lemma. The quantum field <Tei satisfies the equation 

(5.31) P<Tei = 0 
in the distributional sense, i.e., 

{P<Pei , u) = {<Pei , Pu) 

’ =^eAPu)= 0 VueG^iE). 


Proof. In view of (5.25) we have 

(5.33) G*{Pu) = 0. 

□ 

With the help of the quantum field <Pei we shall construct a Weyl system 
and hence a CCR representation of the symplectic vector space {V, oj) which 
we defined in (5.23) and (5.26). 

From (5.30) we conclude the commutator relation 

(5.34) [<l>Ei{u),d>Ei{v)] = ilin{iG*u- D„{G*u),iG*v - D„{G*v))eiIi 

for all u,v G Cf°{E), cf. [3, Proposition 5.2.3], where both sides are defined 
in the algebraic Fock space Paig{HEi). 
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On the other hand 

lm{iG*u - D^{G*u), iG*v - D^{G*v))e, 

= - lm{iG*u,D^{G*v))E^ -lia{D^{G*u),iG*v)E^ 

(5-35) = [ {{G*u,D,{G*v)) - {D,{G*u),G*v)} 

JEi 

= [ {u,Gv) 

J E 

in view of (5.10) and (5.25). 

As a corollary we conclude 

(5.36) [^£;i(u),<?_Ei(u)] = i / {u,Gv)I \/u,veC^{E). 

JEi 

From [3, Proposition 5.2.3] and (5.35) we immediately infer 


5.4. Theorem. Let (P, w) be the symplectic veetor space in (5.23) and 
(5.26) and denote by [m] the equivalence elasses in V, then 

(5.37) VF(M) 

defines a Weyl system for (y,uj), where <Pei{u) is now supposed to he the clo¬ 
sure of L>E^iu) in iF{HEi), i.e., <L>Ei{u) is a self-adjoint operator. The Weyl 
system generates a C* -algebra with unit which we call a CCR representation 

of (y,u;). 


5.5. Remark. Since all CCR representations of are *-isomorphic, 

where the isomorphism maps Weyl systems to Weyl systems, cf. [3, Theo¬ 
rem 5.2.8], this especially applies to the CCR representations corresponding 
to different Cauchy hypersurfaces Ei = Ei{t) and Ei' = i?i(r'), i.e., there 
exists a *-isomorphism T such that 

(5.38) T(e*«’Ei(0) = v[m] G V. 


6. The gravitational waves model 

In the previous sections we saw that the quantization of the Hamilton 
constraint does not yield a unique result but depends on the equation by 
which the Hamilton constraint is expressed. In [8] we obtain the Wheeler- 
DeWitt equation after quantization and in the previous sections the equation 
(4.64) on page 18 which differs significantly. In this section we shall propose 
yet another model by replacing any occurrence of the term 

(6.1) |A|2-R2 

by 

( 6 . 2 ) 


(R-2A). 
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However, when we do this on the right-hand side of (3.33) on page 10, then 
after quantization, we would obtain an elliptic equation instead of an hyper¬ 
bolic equation, namely, 

71 — 4 

(6.3) — (n — l)Au H- - —(i? — 2A)u = 0 

valid in E, which, for fixed (t, 5 ^), can be looked at as an eigenvalue equation, 
where A would be a constant multiple of the eigenvalue provided n 4. In 
case So is compact, a spectral resolution of equation (6.3) would be possible. 

However, we believe that a hyperbolic and not an elliptic equation should 
define the possible states of quantum gravity, though we shall use this ansatz 
to obtain an elliptic spectral analysis of the quantization of the interaction 
of gravity with Yang-Mills fields as one possible model besides obvious gen¬ 
eralizations of the two models models presented in this paper, since in this 
case a spectral resolution of the corresponding hyperbolic equations is not 
possible. But at the moment we only treat the quantization of gravity and a 
spectral resolution of a hyperbolic version of equation (6.3) will be possible. 

In order to obtain a hyperbolic equation while eliminating any occurrences 
of the term in (6.1) we have to express the Hamilton constraint by a different 
equation. In Section 3 the Hamilton equations only yielded the tangential 
Einstein equations (3.22) on page 8 , or equivalently, 

(6.4) R^j - ^Rgij + Agij = 0. 

The Hamilton constraint expresses the normal component of the Einstein 
equations, where the terms tangential und normal refer to the foliation M(t) 
of the spacetime N. This foliation is also the solution set of the geometric 
flow equation 

(6.5) i = —wv 
with initial hypersurface 

( 6 . 6 ) Mo = So, 

where u is the past directed normal u of the solution hypersurfaces M (t) , cf. 
[5, equ. (2.3.25)]. We shall use the evolution equation of the mean curvature 
H{t) of the M{t) to define the Hamilton constraint. 

The mean curvature satisfies the evolution equation 

(6.7) H =—Aw + + Rai 3 i^°‘i^^}w, 

cf. [5, equ. (2.3.27)] observing that in that reference 

(6.8) = w. 

To exploit this evolution equation we need the following lemma: 

6.1. Lemma. Assume that the equation (6.4) is valid, then 

(6-9) ii? = -A} + ^A 
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and 


(6.10) 


Proof. „(6.9)“ 

There holds 

(6.11) 

R = g^iR^j - R^pv’^u^ 

and hence 


(6.12) 

+ ^R= ^R - nA 

or, equivalently. 


(6.13) 



„(6.10)“ Combining (6.12) and (6.13) we deduce 

(6.14) - 21} - ;^2l. 


We note that 


(6.15) TT*^' = - h^^)ip, 

where (/i*-^) is the contravariant version of the second fundamental form and 
where we also point out that, as before, we introduced the function ip to 
replace the density ^/g in order to deal with tensors instead of densities. 
Hence, we have 

(6.16) {n — l)Hp = gij'n''^ 
and we shall use the evolution equation of 

(6.17) {n-l)Hip^ 


to express the Hamilton constraint. 
We immediately deduce 


(6.18) 


((^ 2 )' = 


= --if^Hw 


and, in view of (6.7) and (6.10), 

(n — l){H(p'^y = —(n — l)ziw (/92 
+ (n - 1){|H|2 + 

= —(n — l)Awipi + (n — l)(|24p — H^)ip^w 
+ ^ ^ ^ H^ip^w + (n — 2){Go,/3u“z/^ — A}ip^w 
— 2A(p^w. 


(6.19) 
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Employing now the Hamilton condition and observing that 
(6.20) 2A)} = - A}, 

cf. [5, equ. (1.1.43)], we conclude that the evolution equation 

(n — = — (n — l)Awif^ + (n — 1)(R— 2A)ip^w 

— 2A(p^w H- -—H (f^w 

is equivalent to the Hamilton condition provided the tangential Einstein equa¬ 
tions are valid. 

Finally, expressing the time derivative on the left-hand side by the Poisson 
brackets such that 

(n — ,R} = — (n — l)Aw(f^ -I- (n — 1 )(|H|^ — H^)ip^w 

(6.22) + ^ ^ ^ H'^ipiw + {n — 2){Gapv°‘v^ — A}(p^w 

— 2Alp^w 


we conclude that the Hamilton equations and the geometric evolution equa¬ 
tion (6.22) are equivalent to the full Einstein equation, cf. the proof of The¬ 
orem 3.1 on page 9. 

Switching to the gauge w = 1 we then quantize the equation (6.22). Be¬ 
cause of the relation (6.16) the left-hand side of ( 6 . 22 ) is transformed to 

(6.23) 

^9ij 


where H is the transformed Hamiltonian. Dropping the hat and stipulating 
that for the remainder of this section H symbolizes the quantized Hamilton¬ 
ian, we obtain 


(6.24) [H,(p 

ogij 

On the other hand. 


(6.25) 


1 s 

(p~igij-z — = y^n{n - l)v°‘Da = \/n{n - l)i'°Do 
^Qij 

n d 

^ 4^’ 


where is the future unit normal of the hypersurfaces 


(6.26) 


M{t) = = t}. 


i.e., the left-hand side of (6.25) is a constant multiple of the covariant deriv¬ 
ative with respect to t in the fiber when the differential operator is applied 
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to functions u = u{x,gij). Hence, 


—]m 
^9ij 

(6.27) = ip-hg^-.^{(^R-2A)ulp} - ip~^R-2A)ipg^j-^ 

^9ij ^9ij 

1 71 ~ 

= — — 2A)u<f — Ru(p — {n — \)Auip}^ 

in view of (4.47) on page 16. The transformation of the right-hand side of 
(6.22), note that w = 1, yields 

n — 1 


(6.28) 

where 

(6.29) 

or 

(6.30) 


(n — l)(i? — 2A)uip^ — 2Auip^ + ^ " H^u, 


‘P 


. n -1 2 n _i 1 

- H u = - ip -r 

2 2^ ^n(n-l) 


^ 9ij9kl 


_5 _ d_ 

Sgij Sgki 




P' 


=^^{v^'v^DaDiu) 


' ^ ^ ^ ^^Da{v°‘lADbu) 


depending on the ordering of the derivatives. 
Observing that 


(6.31) 


= (u°,0,...,0) 


and 

(6.32) 



we obtain, after multiplying both sides with (^2 ^ the hyperbolic equations 
1 TiA ~ 71 

(6-33) —- u — in — \)t^Au — —Rt^u + nAt^u = 0 

32 71 — 1 2 

or 

1 7 ^ 2 O H 

(6.34) —- — — (n — 1)AAu — —RAu + nAAu = 0 

S2 n — 1 ot 2 

where we recall that (p = A, cf. (4.58) and (4.64) on page 18. 

These equations can be rewritten, as before, by observing that 


(6.35) 

4 . 

9ij — ^ij 1 

such that 


(6.36) 

Au = Aa^.U 

and 


(6.37) 

R = 
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where is the scalar curvature of the metric cry. Both equations are hyper¬ 
bolic equations in E, where u = u{x, t, 1 < A < m, and cry = cry {x, 
However, for fixed we may consider these equations as hyperbolic equa¬ 
tions in 

(6.38) 5o X R;, 

where the solutions as well as the metric depend on an additional parameter 
{^^). To simplify the notation let us drop the tilde over the Laplacian and 
stipulate that the Laplacian as well as the scalar curvature refer to the metric 
CTy. Then we can rewrite the equations as 

(6-39) ^ — (n — — nt^Au = 0. 

32 n — 1 2 

and 

(6.40) _ i^e-iAu - "e-S - nt^Au = 0 

32 n — 1 at 2 

We also note that 

(6.41) detcry=detxy 
and that cry- g Ei is arbitrary but fixed. 

6.2. Lemma. Both operators are symmetrie with respect to the Lorentzian 
metric 

(6.42) ds^ = dt^ + aijdx^dx^ 

and they are normally hyperbolic with respect to the metric 

(6.43) -I -i — t^~'^aijdx^dxR 

n - 1 

Thus, if 

(6.44) Q = 5o X R; 

is globally hyperbolic with respect to these metrics, and if we denote Q 
equipped with the metric (6.43) by Q and stipulate that Q is equipped with 
the metric (6.42), then the results from Section 4 and Section 5 can be applied 
to the present setting. 

6.3. Lemma. Assume that the metric 

(6.45) cry (a:,^) G Lli, 

where ^ is fixed, is complete, then the Lorentzian manifolds Q and Q 

are globally hyperbolic, and the hypersurfaces 

(6.46) Mr = {t = t} CL Q 
are Cauchy hypersurfaces. 
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Proof. Let us only consider Q. From the proof of Lemma 4.2 on page 19 we 
infer that the claims are correct if a bounded curve 

(6.47) 7(s) C 5o, s e /, 

where bounded means, bounded relative to aij, is relatively compact which 
is the case, if (5o,cry) is complete. □ 

In the next theorem we would like to prove that the solutions depend 
smoothly on In order to achieve this, the Cauchy values have to be pre¬ 
scribed on Ei{t) and not only on M^. 

6.4. Theorem. Let P be one of the hyperbolic operators in (6.40) or 
(6.39), and let Ei(t) be given as well as functions f € C^{E) and uo,ui G 
C^{Ei{t)). These functions depend on {x,t,^). Since f,UQ,ui have compact 
support, the corresponding such that /(Oj ^ 0(^)5 ■*^i(C) do not identically 
vanish in Q, are contained in a relatively compact, open set U. Assume that 
the metrics 

(6.48) o-y(x,C), C G t/, 
are all complete, then, the Cauchy problems 

Pu = f 

(6.49) = Wo 

are uniquely solvable in (<5, fTij) for all ^ € U such that 

(6.50) u = u(x,t,^) €C°°{Ei^), 
where 

(6.51) E\,,={{x,t,0-i&U}. 

Proof. First, we apply the results in Section 4 to the operator P and the 
globally hyperbolic spaces Q and Q for each ^ G U to conclude that, for fixed 
^ G [/, the solutions exist, are uniquely determined, and are smooth in (x, t). 
Arguing then as in the proof of [8, Theorem 5.4], where we considered solu¬ 
tions of hyperbolic problems in the fibers of E, where the solutions and the 
data were depending on the parameter x G 5o, we can prove, by considering 
the problems in Q, so that P is normally hyperbolic, that the solutions are 
also smooth in Moreover, for each ^ G U, the solution u(^) satisfies the 
known support properties of solutions in Q. □ 

The equations (6.40) or (6.39) can be looked at as being gravitational wave 
equations and the solutions u = m(x,^) can be considered to be gravitons. 
Note that ^ = (^'^) are coordinates for the metrics in the fibers, and the pair 
(x,^) represents the metric aij{x,ff) in iSp. 
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If Sq is compact then we shall construct variational solutions of equa¬ 
tion (6.39) with finite energy which may be considered to provide a spectral 
resolution of the problem for fixed 

Let us start with the following well-known lemma: 

6.5. Lemma. Let Sq be compact equipped with the metric Uij = 

Then the eigenvalue problem 

TL 

(6.52) — (n — l)Av — = p,v 

has eountably many solutions such that 


(6.53) 

< h-l < 1^2 < ■ ■ 

(6.54) 

lim pLi = oo, 

i 

and 


(6.55) 

/ v^Vj = 6ij, 

JSo 


where we now consider complex valued functions. The eigenfunctions are a 
basis for Lf (iSo, C) and are smooth. 


Now we argue similarly as in [6, Subsection 6.7]: Choose any eigenfunction 
V = Vi with positive eigenvalue fi = /Xi, then we look at solutions u of (6.39) 
of the form 


(6.56) u{x,t) = w{t)v{x). 

Inserting u in the equation we deduce 

1 


32n - 1 

I 


w + fit"^ "w + nt'^Aw = 0, 
w — p,t^~^w — nt^Aw = 0. 


(6.57) 

or equivalently, 

(6-58) 

32 n — 1 

This equation can be considered to be an implicit eigenvalue problem with 
eigenvalue A. 

To solve (6.58) we first solve 
1 

(6.59) 


-w + nt^w = Xfj,t^ "w 


32n- 1 

where A is the eigenvalue. Let I = and H be the embedded subspace of 
the Sobolev space i7g’^(/) 

(6.60) 

defined as the completion of (/, C) under the norm of the scalar product 
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where a prime or a dot denotes differentiation with respect to t. Moreover, 
let B, K be the symmetric forms 

f 1 

(6.62) B(w,w) = { - w'w'+ nt'^ww} 

Jj 32 n — 1 


and 


(6.63) 


K{w, w) 


9 _ ^ _ -w 

fit ^ww, 


Ji 

then the eigenvalue equation (6.59) is equivalent to 
(6.64) B{w,ip) = XK^w^if) y ip G H 

as one easily checks. 


6.6. Lemma. The quadratic form K(w) = K{w,w) is compact relative to 
the quadratie form B, i.e., if Wk G H converges weakly to w G H 

(6.65) Wk —rw in H, 
then 

(6.66) K(wk) K(w). 

Proof. The proof is essentially the same as the proof of [6, Lemma 6.8] and 
will be omitted. □ 

Hence the eigenvalue problem (6.64) has countably many solutions {wi, Xi) 


such that 


(6.67) 

0 < Ao < Ai < * * 

(6.68) 

lim Ai = oo 

and 


(6.69) 

II 


For a proof of this well-known result, except the strict inequalities in (6.67), 
see e.g. [7, Theorem 1.6.3, p. 37]. Each eigenvalue has multiplicity one since 
we have a linear ODE of order two and all solutions satisfy the boundary 
condition 

(6.70) w^{0) = 0. 

The kernel is two-dimensional and the condition (6.70) defines a one-dimen¬ 
sional subspace. Note, that we considered only real valued solutions to apply 
this argument. 

Finally, the functions 

(6.71) Wi{t) = w;i(Aj ^‘"“^4) 
then satisfy (6.58) with eigenvalue 

(6.72) A, = -X~^ 
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and 

(6.73) Ui = WiV 

is a solution of the wave equation (6.39) with finite energy 

(6.74) Il'Wir = / {liip + (1 + |up} < oo. 

Jq 

Note that the actual energy is defined by a weaker norm 

(6.75) f {|up 
JQ 

which is of course bounded too. 

Let us summarize these results: 

6.7. Theorem. Assume n > 2 and Sq to be compact and let {v,fx) be 
a solution of the eigenvalue problem (6.52) with fi > 0, then there exist 
countably many solutions {wi,Ai) of the implicit eigenvalue problem (6.58) 
such that 

(6.76) A, < Ai+i < • • • < 0, 

(6.77) limvl, = 0, 

i 

and such that the functions 

(6.78) Ui = WiV 

are solutions of the wave equations (6.39). The transformed eigenfunctions 

(6.79) Wi{t) = Wi{Xf^^t), 
where 

(6.80) Ai = (-71.)-^ 
form a basis of the Hilbert space H and also of 

6 .8. Remark. Let cry be a smooth and complete Riemannian metric in 
iSq, then cTy is in general only a section of E but not an element. However, 
the metric Xij (4-1) on page 12, which we used to define ip in order to 
to replace the density y/g, can certainly be assumed to belong to E, and 
hence to the subbundle Ei , because we can easily define a covering of local 
trivializations where x is always part of the generating local frames. Since x 
is chosen arbitrarily we may just as well assume that 

(6.81) Xii=(Jij- 

Hence, the hyperbolic equations (6.39) or (6.40), which are supposed to de¬ 
scribe a model for quantum gravity, can be applied to any given smooth and 
complete metric metric cry, or more precisely, to any complete Riemannian 
manifold [Sq , Cij ). 

Let us formulate this result in case of equation (6.39) as a theorem: 
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6.9. Theorem. Let (So,aij) be a connected, smooth and complete n-di- 
mensional Riemannian manifold and let 

(6.82) Q = 5o X K; 

be the corresponding globally hyperbolic spacetime equipped with the Lorentzian 
metric (6.42) or, if necessary, with (6.43), then the hyperbolic equation 

(6-83) — {n— \)t'^~~ Au — — nt^Au = 0, 

32 n — 1 2 

where the Laplacian and the scalar curvature correspond to the metric Uij, 
describes a model of quantum gravity. If So is compact a spectral resolution 
of this equation has been proved in Theorem 6.7. 

6.10. Remark. If So is not compact, then, let 

(6.84) 17 (E 5o 

be an arbitrary relatively compact open subset of So with smooth boundary, 
and exactly the same results as above will be valid in the cylinder 

(6.85) Q{Q) = 12 X R; 

by solving the eigenvalue problem (6.52) in the Sobolev space 

(6.86) i7o^’^(17) nR2’2(12) 

and arguing further as before. 

6.11. Remark. When cTy is the metric of a space of constant curvature 
then the equation (6.39), considered only for functions u which do not depend 
on x, is identical to the equation obtained by quantizing the Hamilton con¬ 
straint in a Friedman universe without matter but including a cosmological 
constant. The equation is the ODE 

(6-87) -4 -—^^^—u — Rr‘^~^u + 2r'^Au = Q, 0 < r < oo, 

16 n — 1 

cf. [6, equ. (3.37)], though the equation there looks different, since in that 
paper we divided the Lagrangian by n(n — 1). 
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